§1. Introduction
General relativity predicts the gravitational collapse of very massive objects and the formation of spacetime singularities which will be accompanied by the divergence of physical quantities like as the energy density, stress and spacetime curvature.
1) An important issue related to the attribute of the spacetime singularity is known as the cosmic censorship hypothesis.
2) Roughly speaking, this hypothesis states the impossibility of the formation of an observable spacetime singularity called a naked singularity in our universe. However, preceding studies revealed that there are many candidates for counterexamples to this hypothesis.
3)-13)
Although the appearance of spacetime singularities is an important consequence of general relativity, spacetime singularities themselves cannot be described in a physically reliable manner within the framework of general relativity because general relativity is considered to lose its validity beyond quantum gravity scale. Even in the neighborhood of spacetime singularities, quantum effects in gravity will be important and in this sense, the neighborhood of singularities will also be regarded as beyond the applicability of general relativity.
Thus two of the present authors have introduced the notion of spacetime border. 15) Roughly speaking, the spacetime border is the spacetime region for which general relativity is not applicable due to its high curvature of spacetime. The candidates for counterexamples to the cosmic censorship hypothesis imply that we can directly observe physical processes at the spacetime borders in our universe other than the Big Bang.
Some of the known analytic solutions of Einstein equations for the naked singular spacetimes have been extensively investigated and the structure and strength of the naked singularities have been revealed.
3)-9), 17)-24), 34) To know whether a naked singularity is null or timelike, and how a naked singularity is observed (such as in gravitational redshift), we have to take the limit to the naked singularity from its causal future. This is an inevitable dilemma. We want to predict the observational signature of naked singularities, while naked singularities are what prevent us to construct the unique time development of the spacetime beyond them. In order to construct the solution of Einstein equations for the causal future of the naked singularity, the boundary condition at the naked singularity has to be specified since spacetime singularities are boundaries of the spacetime.
Readers might think that the unique boundary condition at naked singularities cannot be selected from a large or maybe an infinite number of possible conditions since we do not understand the law of physics which describes physical processes in the spacetime border covering the naked singularity. However, we should note that for all of the known naked solutions, some boundary conditions at naked singularities have been implicitly imposed without understanding the physical laws in spacetime borders. One of the methods to obtain the solutions for the causal future of naked singularities formed from regular initial data is to assume the extension across the Cauchy horizon associated to them to be as smooth as possible. A typical example is the subcritical Reissner-Nordström solution. Many examples of naked singular spacetimes will be in this category in which the analyticity on the Cauchy horizon is demanded. In other words, many known naked singular solutions are obtained by imposing the boundary conditions which guarantee the possible smoothness on its Cauchy horizon, although nobody knows whether it is valid from a point of view of quantum theory of gravity. It might be important to specify the principle about the determination of boundary conditions at naked singularities in known analytic solutions, but this is out of scope of this paper.
An exceptional example of a naked singularity is singular hypersurfaces on which some scalar polynomials of the curvature tensor will diverge. They are believed to be describable in a reliable manner with the junction condition. 14) In fact, many people seem to use a singular hypersurface not being seriously aware that this introduces a curvature singularity.
It is very pedagogical to see why this is possible. If the hypersurface is really infinitesimally thin, the energy density is of course diverging and therefore it corresponds to curvature singularity. However, to derive the junction condition, we first assume the finite thickness ǫ, integrate the Einstein equation along the normal direction, and then take the limit ǫ → 0 keeping the surface density and pressure constant. After taking this limit, the metric tensor can be still locally C 1− and therefore geodesics are uniquely extended across the singular hypersurface.
1) The singular hypersurface is considered to describe the gravitational effects of a hypersurface of very small but finite thickness. Hence, singular hypersurface can be regarded as a phenomenological description of a physical hypersurface of small but finite thickness. This is also a reason why the singular hypersurface formalism should treat the gravitational effects of a hypersuface whose thickness is as small as quantum gravity scale, such as a D-brane. 25) To push this consideration forward, if we can find a C 1− extension of spacetime beyond a naked singularity, it may be regarded as a phenomenological description of something of length scale much smaller than the scale of interest because of the unique extendibility of geodesics across singularities.
In this paper, we investigate the gravitational collapse of a cylindrically symmetric thick dust shell surrounding vacuum interior, or a hollow cylinder composed of dust matter. This forms a string-like naked singularity of codimension two at the symmetry axis.
26), 27) We propose a physically reasonable boundary condition at the naked singularity. It is difficult to analytically obtain solutions for this system. Therefore we numerically solve the basic equations. The obtained solution is a C 1− extension of spacetime and geodesics are uniquely extended across the naked singularity except for the one which is very on the string-like naked singularity. This system is not asymptotically flat and thus it is not immediately a counterexample to weak cosmic censorship. However this model might describe a portion of the spindle collapse studied by Shapiro and Teukolsky which is one of the impressive candidates for the counterexamples to the cosmic censorship.
13)
This paper is organized as follows. In §2, we give the basic equations for the gravitational collapse of dust matter in the spacetime with whole cylinder symmetry. In §3, we propose physically reasonable boundary conditions on metric and matter variables at the symmetry axis where the naked singularity is formed by the cylindrical gravitational collapse of a thick dust shell and discuss the physical meanings of those boundary conditions. In §4, we give a numerical solution which describes the gravitational collapse of a thick dust shell. In §5, we show that almost all of the causal geodesics are complete in the spacetime considered in this paper. In §6, the strength of curvature at the naked singularity is investigated. Finally, §7 is devoted to summary and discussion. In Appendices A and B, we prove two facts which are very important for the discussion in this paper. In Appendix C, the Christoffel symbols of the spacetime with whole cylinder symmetry in the Cartesian coordinate system are given, whereas in Appendix D, the components of the Riemann tensor in the cylindrical coordinate system are shown.
In this paper, we adopt the unit of c = 1. Greek indices mean the components with respect to the coordinate basis.
§2. Basic Equations for Cylindrical Dust System
The spacetime with the whole cylinder symmetry 28), 29) is defined by the following metric,
where 0 ≤ r < +∞, 0 ≤ ϕ < 2π and −∞ < z < +∞ constitute the cylindrical coordinate system, and γ, ψ and β are functions of time coordinate t and the radial coordinate r. The coordinate basis vectors ∂/∂ϕ and ∂/∂z are Killing vectors. The coordinates t, r and z are all normalized so as to be dimensionless.
We consider the two-component model of dust matter and assume that one component is collapsing whereas the other component is expanding, and these do not interact with each other. The stress-energy tensor of the collapsing dust T µν i
and that of the expanding dust T µν o are, respectively, written in the form,
where ρ and µ are the rest mass densities, whereas u µ and v µ are the 4-velocities of collapsing and expanding components of dust matter, respectively. We assume that ρ and µ are nonnegative so that all of the energy conditions are satisfied. By virtue of the assumed symmetry of the spacetime, the 4-velocities u µ and v µ are written in the form,
where u(≤ 0) and v(≥ 0) correspond to the 3-velocities of the collapsing and expanding components of dust matter, respectively.
Instead of the rest mass densities ρ and µ, we introduce the conserved rest mass densities D and E defined by
4)
where g is the determinant of the metric tensor. Then the equations of motion for each component of dust matter,
where a dot is the time derivative while a dash means the radial derivative. It should be noted that the first and second equations represent the rest mass conservation and thus we have named D and E the conserved rest mass densities, whereas Eqs.(2 . 8) and (2 . 9) are the geodesic equations for the constituent particles of the dust matter.
Einstein equations are written in the form,
10)
Equations (2 . 10) and (2 . 11) are the constraint equations whereas Eqs.(2 . 12)-(2 . 14) are the evolution equations for the metric variables β, γ and ψ, respectively. §3. Boundary condition
Spacetime regularity
First of all, we would like to stress that it is possible to construct C 2− solutions for the metric variables β, γ, ψ, and everywhere finite solutions for matter variables, D, E, u, v with respect to t and r, even if the spacetime singularity is formed at r = 0 by the gravitational collapse of the cylindrical dust matter. There might be readers who feel this statement strange. However it should be noted that it is not a sufficient condition for the realization of regular spacetimes that the metric variables are C 2− functions of t and r. As will be shown below, in order that the spacetime is regular, the 1st order radial derivative of metric variables β ′ , γ ′ and ψ ′ should vanish at r = 0, whereas the matter variables D, E, u and v should vanish at r = 0. In order to see the meaning of these conditions, we introduce the Cartesian coordinate system defined by
and remaining coordinates t and z are unchanged. In the case of the regular spacetime, the coordinate singularity at r = 0 in the cylindrical coordinate system is avoided in this Cartesian coordinate system.
We have the components of the metric tensor with respect to this new coordinate basis,
2)
3) 6) and the other components vanish. It can be easily seen from the above equations that β 2 should be equal to e 2γ at r = 0 so that the components of the metric tensor are single-valued at r = 0 (note that any value of ϕ can be assigned to at r = 0). The 1st and 2nd order derivatives of the components of the metric tensor in the Cartesian coordinate system with respect to x or y are written in the form The above regularity condition does not guarantee the continuity of the 2nd order derivatives of the metric components at the symmetry axis r = 0. This does not necessarily mean that the metric tensor is not C 2 but might imply that the Cartesian coordinate system (3 . 1) itself is C 2− . However, this Cartesian coordinate system is sufficient for our present purpose.
We can see from Eqs.(2 . 4) and (2 . 5) that D and E should vanish at the symmetry axis r = 0 if the rest mass densities ρ and µ and metric variables are everywhere finite, and further if the absolute values of u and v are smaller than unity. The components of the 4-velocities u µ and v µ in the Cartesian coordinate system are written in the form, 
Functional regularity and boundary conditions on metric components
If the spacetime singularity is formed by the collapse of a cylindrical dust matter, the regularity conditions on the metric variables (3 . 12), (3 . 13) and on the matter variables (3 . 17)
will not be satisfied. From Eq.(2 . 12), we have
Since we construct C 2− solutions for the metric variables and everywhere finite solutions for the matter variables, the above equation gives a Neumann boundary condition on β at r = 0
By the same procedure, we have Neumann boundary conditions on ψ and γ at r = 0 from Eqs.(2 . 10) and (2 . 14) as
where we have used Eq.(3 . 19) to derive Eq. (3 . 20) .
Since it is difficult to construct solutions for cylindrically symmetric spacetimes with dust matter by an analytic manner, numerical simulations are necessary to see the detailed behaviors of them. The boundary conditions (3 . 19)-(3 . 21) are sufficient to construct numerical solutions for the evolution equations (2 . 12)-(2 . 14) without any ambiguities, if the matter variables D, E, u and v are everywhere finite.
There will be three kinds of spacetime singularities which is formed by the collapse of a cylindrical dust matter. The first kind is the so called shell crossing singularity which is caused by a caustic of dust matter at r = 0 and is necessarily accompanied by the divergence of the conserved densities D or E. However it is known that shell crossing singularities are so weak that they are not physically so serious. By this reason, we do not consider shell crossing singularities here. The second kind of spacetime singularity forms at the symmetry axis r = 0 without a caustic of the dust matter. In this case, the matter variables D, E, u and v are everywhere finite even if the spacetime singularity exists. This is just of our interest in this paper. Since this kind of spacetime singularity is formed by the dust matter focused on r = 0, it is often called shell focusing singularity. The third kind of spacetime singularity is also a shell focusing singularity but with a "caustic" of dust matter at r = 0.
In this case, D or E diverges at r = 0 and thus it is impossible to keep the metric variables to be C 2− and the matter variables to be everywhere finite, even if we impose the boundary conditions (3 . 19)- (3 . 21) . In this paper, we do not consider this kind of spacetime singularity in detail, but it will be briefly discussed in §7. If β vanishes, an other kind of spacetime singularity seems to be formed there since several terms in Einstein equations (2 . 10)-(2 . 14)
are proportional to the inverse of β. However, as shown in Appendix A, this possibility is excluded by the boundary conditions on the matter variables.
Hereafter we focus on the second kind of spacetime singularity. Now we can see how the spacetime singularity forms at the symmetry axis r = 0 by the gravitational collapse of the dust matter with keeping the metric variables β, γ and ψ to be C 2− and the matter variables D, E, u adn v to be everywhere finite. Since we are interested in the gravitational collapse, we consider the only collapsing dust (D, u). To avoid the occurrence of the caustic before the formation of the second kind of spacetime singularity, we assume that the 3-velocity field u is initially a monotonically increasing function of r (here note that u ≤ 0 by its definition).
If the dust matter initially exists at the symmetry axis r = 0 with such an initial 3-velocity field, the regularity condition on the 3-velocity field u in (3 . 17) cannot be satisfied. Thus we have to assume that the initial configuration of dust matter is a cylindrical thick shell, i.e., a hollow cylinder. (The case of the solid cylinder will be discussed in §7). When the collapsing thick dust shell reaches the symmetry axis r = 0, D becomes non-vanishing at r = 0. Then the rest mass density ρ of the collapsing dust becomes infinite because ρ is proportional to D/r from Eq.(2 . 4). Since the Ricci scalar is proportional to ρ + µ by Einstein equations, the divergence of ρ means the formation of scalar polynomial (s.p.) curvature singularity.
1) It is also easily seen from Eqs. (3 . 19) , (3 . 20) and (3 . 21) that if D does not vanish at r = 0, β ′ , γ ′ and ψ ′ do not vanish at r = 0, or equivalently, the regularity of spacetime breaks.
Boundary conditions on dust matter
It should be noted that there is still a freedom in what boundary conditions on the matter variables D, E, u and v are imposed at r = 0. Here we impose the following boundary conditions on the matter variables at the symmetry axis r = 0;
The above boundary condition physically means that once the collapsing dust reaches the symmetry axis r = 0, the same amount of the expanding dust is shut from r = 0 with the same speed of the collapsing dust matter. In order to impose the above boundary conditions in numerical simulations, it is convenient to extend the domain 0 ≤ r < ∞ to −∞ < r < ∞: we call the original domain the physical domain while the additional domain −∞ < r < 0 the fictitious domain. We define the metric variables in the fictitious domain by the reflection symmetry with respect to r = 0, i.e., γ(t, −r) = γ(t, r) and ψ(t, −r) = ψ(t, r). The variables E and v determined by the above condition automatically satisfy Eqs. (2 . 7) and (2 . 9).
Here it should be noted that in the extended domain −∞ < r < ∞, the metric variables are no longer C 2− , even though they are regular with respect to t and r in the physical domain 0 ≤ r < ∞. If the spacetime singularity forms, γ ′ and ψ ′ do not vanish at the symmetry axis r = 0, then the reflection symmetry condition (3 . 23) leads the discontinuity of γ ′ and ψ ′ at r = 0 in the extended domain. This low differentiability nature in the extended domain makes the accuracies of numerical simulations worse and thus we need careful treatment to keep good numerical accuracy.
Physical consequences of the boundary conditions
The above conditions on matter variables lead the following three physically preferable consequences.
It should be noted that the boundary condition (3 . 24) guarantees that the metric tensor is defined even at the spacetime singularity at r = 0. From Eq.(2 . 11), we find
is satisfied. Before the singularity formation, e 2γ /β 2 should be unity (Hereafter without loss of generality, we assume e γ /β = 1 at r = 0 before the singularity formation). If not, the symmetry axis r = 0 is conically singular even before the thick dust shell collapses to the symmetry axis r = 0. Thus the condition (3 . 24) and the above equation always guarantee
As already shown, this implies that metric tensor is finite and single-valued even at the spacetime singularity, or in other words, it is at least C 0 . Further it is not such a difficult task to see that the components of metric tensor in the Cartesian coordinate system are C 1− , i.e., locally Lipschitz functions.
(ii) Completeness of radial geodesics
As will be shown in §5, the radial geodesics which hit the spacetime singularity at r = 0 from the domain r > 0 are extendible across the spacetime singularity. This implies that the trajectories of dust particles are extendible across the spacetime singularity formed by themselves.
(iii) Conservation of the total rest mass in the physical domain From Eq.(2 . 6), the rest mass of collapsing dust per unit z-coordinate length σ in the extended domain −∞ < r < ∞ is constant, where σ is given by
By the condition (3 . 24), this is rewritten in the form
The above equation means the conservation of the total rest mass in the physical domain r ≥ 0.
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Initial Condition
We set the initial conserved rest mass densities and 3-velocity fields to be
for l(1 − w) < r < l(1 + w) and vanish elsewhere, where σ has been defined by Eq.(3 . 28), l and w (< 1) are positive parameters to control the location and thickness of the dust shell, respectively, and ν is the parameter to control the gradient of the 3-velocity field u.
We determine the initial data of the metric variables, β, γ and ψ and their time derivatives in the following manner. We set β = 1 andβ = 0. Then the constraint equations (2 . 10) and (2 . 11) become
We have to integrate numerically Eq.(4 . 5) in order to obtain γ, while Eq.(4 . 6) gives directly its time derivative. We are interested in the initial situation similar to the static configuration as well as possible although the initial collapsing velocity does not vanish. Thus we setψ = 0. In order to determine the initial data of ψ, we use Eq.(2 . 14) withψ = 0, i.e.,
We numerically integrate Eqs.(4 . 5) and (4 . 7) simultaneously outward from r = 0 by imposing the boundary conditions γ| r=0 = 0 and ψ| r=0 = 0 = ψ ′ | r=0 since we assume the absence of spacetime singularity in the initial data.
The vacuum region in the initial data obtained by the above procedure agrees with the Levi-Civita solution which is the unique solution of a vacuum static spacetime with whole cylinder symmetry,
where κ, λ are parameters which characterize this solution. Integrating Eq.(4 . 7), we find that κ vanishes for r ≤ l(1 − w) whereas for r ≥ l(1 + w),
Since D is non-negative, κ is positive in the domain r ≥ l(1 + w). 
Evolution
In order to solve the evolution equations for the metric variables (2 . 13)-(2 . 14) numerically, we replace spatial derivatives by finite differentiations and adopt MacCormack scheme for time integration. In order to solve the evolution equations for the dust matter, we adopt the method proposed by Shapiro and Teukolsky 13) by which we follow the motion of constituent mass shells of the dust matter moving along timelike geodesics. For the integration of geodesic equations, we also adopt MacCormack scheme. Then we construct the conserved rest mass densities D and E and the velocity fields u and v from positions and velocities of these mass shells. We have assumed that all of the mass shells have the same rest mass per unit z-coordinate length. A linear combination of the constraint equations (2 . 10) and (2 . 11) was used for the check of accuracy.
We depict an example of numerical solutions for the metric variables β − 1, γ, ψ in the physical domain and the matter variables D and u in the extended domain in Figs.2-6 , respectively, where we have chosen the parameters l = 1, w = 0.5, σ = 10 
10
−8 . Another criterion of the numerical accuracy is the difference of βe −γ | r=0 from unity.
This difference is also always order of 10 −8 in this simulation. Since |β − 1| and γ are at most order of 10 −5 , the order of the relative error should be understood to be 10 −3 .
The boundary condition at the outer numerical boundary r = 20 is that all of the variables do not change there. This simplistic boundary condition is valid because we are interested in the evolution of the central region and we stop the numerical simulations before the influences of the non-trivial initial configurations of the metric and matter variables reach the numerical boundary r = 20.
It is seen from Figs.2, 3 and 4 that the metric variables β, γ and ψ are continuous and smooth in the numerically covered region. Further it is seen from Figs.5 and 6 that the conserved rest mass density D is everywhere finite and the absolute values of velocity field u is always smaller than unity. However, as mentioned, when the dust shell reaches the symmetry axis r = 0, the rest mass density ρ blows up there, and thus the s.p. curvature singularity 1) forms at the symmetry axis r = 0. The dust matter reaches the symmetry axis at t ≃ 3.0 and forms the spacetime singularity. Then the whole of dust matter leaves the spacetime singularity and the regularity at the symmetry axis is recovered at t ≃ 12.3 (see Fig.5 ). The propagations of β and γ represent the gravitational radiation generated by the gravitational collapse of the dust matter.
Since even after the appearance of the spacetime singularity, β, γ and ψ are everywhere finite and continuous, there is a causal future of this spacetime singularity, and a Cauchy horizon associated with it exists. We may say that a naked singularity has really formed in the spacetimes constructed by this numerical simulation. §5.
Completeness of Causal Geodesics
In the spacetime of our interest, since the metric tensor is C 1− even in the neighborhood of the spacetime singularity, the parallelism of any pair of vectors can be defined everywhere.
For a pair of spacelike vectors or of timelike vectors p µ and q µ , they are parallel to each other if and only if the following equality is satisfied, . By virtue of these two natures of the spacetime singularity at r = 0, almost all of causal geodesics are complete even if they hit this spacetime singularity. We shall show how to construct the complete solutions for geodesic equations below.
In the coordinate system (2 . 1), the geodesic equations take the following forms,
where τ is the affine parameter. The third and fourth equations can be easily integrated once and we have
where L and P are integration constants. There are three categories of causal geodesics which behave in the manners very different from each other near the spacetime singularity. The first category consists of the causal geodesics with r = 0 = dr/dτ . We call these geodesics central geodesics. The second category consists of the causal geodesics with vanishing L but with non-vanishing dr/dτ . We call causal geodesics in the second category radial geodesics.
The third category consists of geodesics which have non-vanishing L and will be called nonradial geodesics. As shown in Appendix B, non-radial geodesics cannot reach the symmetry axis r = 0. Thus hereafter we focus on the central and radial geodesics.
Radial geodesics
First, we consider radial geodesics. Hereafter we assume that all causal geodesics are future directed, i.e., their time components are positive. An extension of a radial geodesic beyond the spacetime singularity at r = 0 is also a radial geodesic. Thus we consider two radial geodesics denoted by k − and k + , respectively. We assume that k − hits the spacetime singularity at t = t 0 , and k + leaves the spacetime singularity at t = t 0 . Thus k + ∪k − consists of continuous curve. In order that k + is an unique extension of k − beyond the spacetime singularity, the tangent vectors of these two geodesics should be identical to each other at the spacetime singularity, since the geodesic tangent vector is parallelly transported along the geodesic by its definition. If this condition uniquely determines k + for any k − , we may say that all of the radial geodesics are complete in this spacetime.
In general, the radial geodesic is specified by ϕ =constant. We denote the angle coordinates of k ± by ϕ ± . The components of their tangent vectors k µ ± in the cylindrical coordinate system are written in the form
where V ± are functions of affine parameter τ , P ± is constant, and χ is −1 if k ± are timelike geodesics, while χ vanishes if k ± are null. Here we adjust the affine parameter τ so that the geodesic k − hits the spacetime singularity at τ = 0 while k + leaves the spacetime singularity at τ = 0, or in other words, the negative τ is assigned to k − and the positive τ is assigned to k + . By assumption, we have
V − < 0 and lim
In order to see the continuity of the tangent vectors at the spacetime singularity, the Cartesian coordinate system defined by Eq.(3 . 1) is useful since the Cartesian coordinate system covers the symmetry axis r = 0 whereas the cylindrical coordinate system does not, and the components of vectors in this coordinate system can not be specified at r = 0. The components of the tangent vectors of k ± in the Cartesian coordinate system are then given
Since the metric variables β, γ and ψ are C 2− functions of t and r, V ± have finite limits for τ → 0. The components of the tangent vectors k µ ± approach to the identical values to each other in the limit to the spacetime singularity τ → 0, if and only if the following conditions are satisfied,
The first equation of the above is obtained by the continuity of the z-component, whereas the second one is obtained by the continuity of the t-component and by Eq.(5 . 8). The final one is derived from the continuities of x-and y-components. Here it should be noted that since the metric tensor is defined even at the spacetime singularity at r = 0, the identical limiting values of the components k µ ± for τ → 0 means that the tangent vectors themselves agree with each other at the spacetime singularity. Since the 1st order derivatives of γ and ψ are C 1− functions of t and r in the domain 0 ≤ r < ∞, the standard existence theorems for ordinary differential equations are applicable to the geodesic equations for radial geodesics 13) and Eq.(5 . 6) with L = 0 and P = P + , in order to show that the geodesic k + is uniquely determined by P + , V + and ϕ + at (t, r) = (t 0 , 0). Therefore we may say that k + ∪ k − is the unique extension of the geodesic k − beyond the spacetime singularity.
Central geodesics
In order to see the extendibility of the central geodesics, first we consider a causal curve along r = 0. By definition, the tangent vector of this curve is written in the form, dx
Then we have
where again note that ϕ is arbitrary at r = 0. If the symmetry axis is regular, γ ′ and ψ ′ vanish there and thus the above quantities vanish. In this case, this curve can be geodesic since d 2 x/dλ 2 and d 2 y/dλ 2 vanish by the geodesic equations. By contrast, if the spacetime singularity appears at the symmetry axis, γ ′ and ψ ′ do not vanish there, and therefore the above quantities become indefinite due to the arbitrary ϕ. This implies that the curve x = y = 0 = dx/dλ = dy/dλ cannot be geodesic at the spacetime singularity since the geodesic equations are not well-defined there. However it should be noted that the geodesics along r = 0 are not extendible across the spacetime singularity as a causal geodesic but as a causal curve since the metric tensor is defined even at the spacetime singularity. * ) In this sense, this singularity is very weak like singular hypersurfaces as will be mentioned below.
Comparison of the present spacetime singularity with others
Here it is worthy to consider the case that r = 0 is conically singular, i.e., e 2γ = β 2 at r = 0. Also in this case, we can uniquely determine a geodesic k + for a given causal geodesic k − in the same manner as in the subsection 5.2. However, since in contrast to the cases of our interest, the metric tensor is not defined at the conical singularity r = 0, we cannot say parallelism of vectors there. Hence we can not say that the tangent vectors of k − and k + are parallel to each other at the conical singularity at r = 0, even if their components with respect to the Cartesian coordinate system are identical to each other in the limit of τ → 0. The parallel transport across the conical singularity is impossible, and therefore the geodesics which hit the conical singularity at r = 0 are not extendible as a continuous geodesic.
As shown in the subsections 5.1 and 5.2, although all of radial geodesics are complete, central geodesics are not so in the spacetime of our interest. Thus this spacetime is geodesically incomplete. However we may say that this spacetime singularity is not too strong to treat it within the framework of general relativity. The same situations are realizable also in the case of singular hypersurfaces which can be treated within the framework of general relativity with a clear physical meaning. 14) To make discussion clear, let us consider a static spherically symmetric shell with infinitesimal thickness but with finite mass, which constitutes a singular timelike hypersurface. From a physical point of view, this thin shell is supported by the tangential pressure against the gravitational force to collapse it. We assume that it exists in the vacuum spacetime. By the assumed symmetry, the inside of the * ) The same is true for the null dust case. Two of the present authors have stated that the spacetime with the gravitational collapse of a cylindrical null dust is geodesically complete if the passing-through condition is imposed, 34) but it is not exact. singular hypersurface is described by the Minkowski geometry, 17) whereas the outside of it is described by the Schwarzschild geometry, 18) where r g is a non-vanishing constant smaller than the areal radius of the shell r = r shell .
Then consider the curves with constant spatial coordinates, r, θ and ϕ. They are timelike geodesics in the Minkowski domain while they are not in the Schwarzschild domain. However, we can not say whether a timelike curve attached to this spherical shell r = r shell is a timelike geodesic or not, since the connection is not defined just on the spherical shell. This is in the similar situation to the central geodesics in the present case. §6. Curvature Strength
In order to investigate the strength of the curvature at the spacetime singularity r = 0, we consider timelike geodesics which hit the spacetime singularity. The curvature strength of spacetime singularities was defined in a hope that weak convergence of geodesic congruences would reveal the extendibility of the spacetime in a distributional sense. 33) In this context, Tipler defined the strong curvature condition, 35) whereas Królak defined weaker condition called the limiting focusing condition.
36)
As mentioned, non-radial geodesics cannot hit the spacetime singularity and therefore we consider only radial and central ones. The components of the radial or central geodesic tangent e µ (0) are written in the form
Then we have an orthonormal frame parallely propagating along this timelike geodesic,
3) 4) where
The strength of the tidal force measured by an observer moving along this timelike geodesic is given by the components of the Riemann tensor with respect to the above tetrad basis
We give the coordinate basis components of the Riemann tensor in Appendix D. Using those components, it can be seen that the only R (0)(2)(0) (2) becomes infinite at the spacetime singularity r = 0, and it is given by
As in the previous section, the affine parameter τ is adjusted so that the geodesics hit the singularity at τ = 0.
Before the singularity formation, β ′ , γ ′ and ψ ′ vanish at the symmetry axis r = 0 and thus along the central geodesics, R (0)(2)(0)(2) is given by
where we have used the normalization of the geodesic tangent. Since the metric functions β, γ and ψ are regular with respect to t and r on the symmetry axis r = 0, and further since β must be positive, we can easily see that R (0)(2)(0)(2) has a finite limit for τ → 0−. It suddenly diverges just when the conserved density D and E becomes positive at r = 0. Thus both of the strong curvature condition and limiting focusing condition are not satisfied along the central geodesics.
33)
We can see from Eq.(6 . 6) that in the case of the radial geodesic with dr/dτ < 0, the components R (0)(2)(0)(2) is written in the form
where I and J are C 1− function of the affine parameter τ . Thus we have
where we have used l'Hopital's theorem at the final equality,
Further by l'Hopital's theorem, we have
where c 1 and c 2 are negative constants. Thus we find
The above equation means that this spacetime singularity is not the strong curvature singularity with respect to the timelike geodesics. 33) We can see that the same is true for null geodesics in the same procedure as the above.
However, this spacetime singularity satisfies the limiting focusing condition since from Eq.(6 . 11), we have
(6 . 13)
In this sense, this singularity is a bit stronger than singular hypersurfaces. This is an example of the spacetime extendible across the spacetime singularity which satisfies the limiting focusing condition.
33) §7. Summary and Discussion
We studied the gravitational collapse of a cylindrical thick shell, or in other words a hollow cylinder, composed of dust matter and presented a physically reasonable boundary condition at the resultant string-like naked singularity formed at the symmetry axis. With this boundary condition, the trajectories of dust particles are extendible across the naked singularity and thus the dust matter can be regarded as a cold gas of collisionless particles of infinitesimal mass; the collapsing dust matter passes through the naked singularity formed by itself without any interaction between individual constituent particles. When the dust matter has left there, the naked singularity disappears and the regularity at the symmetry axis is recovered. We performed numerical simulations under this passing-through boundary condition, and showed that the above picture will be true. The obtained spacetime should be a phenomenological description of such a physically realistic system of collisionless particles.
This naked singularity is a scalar polynomial curvature singularity. The strength of curvature at the naked singularity was investigated, and we found that it does not satisfy the strong curvature condition defined by Tipler but satisfies the limiting focusing condition defined by Królak. A causal geodesic along the symmetry axis r = 0 which has been named central geodesic is not extendible across the spacetime singularity as a causal geodesic, but extendible as a causal curve. All the other causal geodesics which hit the naked singularity are extendible across the naked singularity. Since the central geodesics have zero-measure in the space of solutions for the geodesic equations, we may say that the extended spacetime is complete for almost all of the causal geodesics. The present results mean that gravity produced by a cylindrical thick shell of the dust matter is too weak to bind itself even though it involves curvature singularity. We may say that this weakness of gravity is the origin of its nakedness. We need not be afraid of this naked singularity, since we can describe this system with C 1− spacetime like as singular hypersurfaces.
In the case of a solid dust cylinder, the spacetime singularity formed by its gravitational collapse will be stronger than the case of a hollow cylinder for the following reason. A regular solid dust cylinder should satisfy where u c is a real number. Since the collapsing solid dust cylinder will have negative u c , u will be monotonically decreasing in a sufficiently small neighborhood of the symmetry axis r = 0. This implies that a caustic of dust matter occurs at r = 0 within a finite time, and D will diverge there. The resultant spacetime singularity will be of the third kind defined in Section 3.2. In this case, providing that the boundary conditions (3 . 19)-(3 . 21) are imposed, β ′ , γ ′ and ψ ′ diverge at r = 0 and therefore the metric tensor cannot be C
1−
for any extended spacetime. Thus we need another prescription to deal with this spacetime singularity. Here, it is worthy to notice that if an infinitesimal cylindrical portion of dust matter is removed around the center of this solid dust cylinder, it becomes a cylindrical thick shell and hence the spacetime singularity will become so weak that almost all of causal geodesics are complete. This means that the strength of the spacetime singularity comes from the infinitesimal central portion of the dust cylinder which seems to be insignificant from a physical point of view. Therefore the spacetime singularity formed by a solid dust cylinder seems to also be so weak that we are able to find an appropriate prescription to treat this spacetime singularity. This issue will be discussed elsewhere further.
The Shapiro-Teukolsky singularity which was reported to be a naked singularity formed in the spindle collapse of collisionless particles might be similar to the present case except in the neighborhood of both poles of the spindle matter distribution. In general, if the naked singularity formed by the highly elongated gravitational collapse is so weak as to allow C 1− extension of spacetime, it can also be regarded as phenomenological as a result of coarse-graining of 'microphysics' such as infinitesimally massive collisionless particles.
In the present paper, we do not continue the numerical simulations until almost equilibrium configuration is realized. Due to the pressureless nature of dust matter, shell crossing singularities must appear. In the numerical scheme adopted in this paper, the dust matter is treated as a system composed of collisionless particles and thus, in principle, we can follow the dynamics even after the occurrence of shell crossing singularities by our numerical code, as long as they do not occur at the symmetry axis r = 0. This system might generate a large amount of gravitational radiation like as the adiabatic gravitational collapse of cylindrically symmetric ideal gas.
37) This is also a future work.
is the area element in the 2-space labeled by t and r. The C-energy C is a quasi-local energy per unit z-coordinate length included within the cylinder of radius r, 38) C :
By the above definition, non-decreasing C-energy for the outward achronal direction means
where ξ µ is an arbitrary outward acrhonal vector.
In the present paper, we consider the spacetime which agrees with Levi-Civita spacetime in spacelike asymptotic region (see Eq.(4 . 8)). Since Levi-Civita spacetime is everywhere untrapped, the spacetime of our interest has the untrapped spacelike asymptotic region. Thus the inequality (A . 3) implies that the spacetimes that we deal with is everywhere untrapped. We haveṘ Since R is regular function, the above inequality implies everywhere R ′ > 0 since R ′ | r=0 = β| r=0 > 0. Therefore, R is positive in r > 0 and this means that β is positive in the physical domain.
Appendix B

Non-Radial Geodesics near the Singularity
We show that non-radial geodesics cannot hit the spacetime singularity at r = 0. Using Eq.(5 . 6), the normalization of the geodesic tangent vector is given by where χ is equal to −1 for timelike geodesics, unity for spacelike geodesics and vanishes for null geodesics. Using this normalization condition, we rewrite the r-components of the geodesic equations (5 . 3) in the form, Since we consider the future directed causal geodesics approaching to the naked singularity at r = 0, dr/dτ must be negative. Then multiplying both sides of the above inequality by e 2(γ−ψ) dr/dτ , we have d dτ The above inequality means that non-radial geodesics cannot hit the naked singularity at r = 0.
Appendix C Christoffel Symbol in Cartesian Coordinate System
Christoffel symbols in the Cartesian coordinate system are given as 
